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Digital Redesign of an Optimal Momentum Management
Controller for the Space Station

J. W. Sunkel
NASA Johnson Space Center, Houston, Texas 77058

and
L. S. Shieh and J. L. Zhang

University of Houston, Houston, Texas 77204

A digital redesign technique is developed for determining the digital version of an optimal momentum
management controller previously designed by the authors for the Space Station Freedom. The technique
matches the continuous-time and discrete-time states at all sampling instants to find a pseudocontinuous-time
quadratic regulator from a continuous-time quadratic regulator. It is shown that the redesigned digital states
closely match the continuous-time optimal states. It is also shown that the digital redesigned state-feedback
control law based on the bilinear transformation method is a class of the proposed control law. The digital
redesign technique is then extended to find the digital version of the continuous-time optimal observer. It is
shown that the states of the redesigned digital observer closely match those of the continuous-time optimal
observer.

L Introduction

T HE Space Station Freedom (Fig. 1) will employ a dis-
tributed system of microprocessors to perform all flight

operations. This means that a digital control law is required
for the momentum management and attitude control of the
Station. Therefore, the necessity arises for either designing a

digital momentum management controller or converting an
existing analog controller into a digital control law. Since a
digitized continuous-time system with a very small sampling
period may become an unstable and/or noiiminimum phase
model1'3 even if the Original continuous-time system is stable
and/or minimum phase, the direct digital design of the contin-
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uous-time Space Station in the discrete-time domain is not
closely coupled with the continuous aspects of the real system.
Moreover, effective optimal regional-pole placement tech-
niques4'5 are not available in digital control theory1'3; hence,
the responses of the directly digitally designed continuous-
time Space Station may be undesirable. In this paper, we have
elected to convert an existing analog optimal momentum man-
agement controller previously designed by the authors4 into an
equivalent digital controller. For digital implementation of the
designed continuous-time controller, the continuous-time con-
troller must be converted into an equivalent digital controller.
This is called a digital redesign problem.1 Based on matching
all the states of a continuous-time system and an equivalent
discrete-time system1'6'7 (Fig. 2), a digital redesign technique is
presented for finding the equivalent digital optimal momen-
tum management controller.

As a further illustration of the digital redesign technique, we
show that the same approach taken in Ref. 4 can be used to
design a continuous-time optimal observer for the Space Sta-
tion. That approach combines the regional pole assignment
method6'7 and optimal control techniques8 to determine a
unique set of feedback gains for the continuous-time optimal
observer. To limit the closed-loop bandwidth of the designed
observer to reduce the effects of high-frequency disturbances
on the observer and to insure proper and quick convergence of
the estimated states to the original states, we design the opti-
mal observer so that the closed-loop eigenvalues of the ob-
server will be optimally placed within a specified vertical strip
on the negative real axis in the left half s plane. Then, taking
this continuous-time optimal observer, we show how the digi-
tal redesign technique can be used to find the digital version.

II. Mathematical Models for Momentum
Management of the Space Station

The Space Station in circular orbit is expected to maintain
local vertical and local horizontal (LVLH) orientation during
normal mode operation. The nonlinear equations of motion in
terms of components along the body-fixed control axes can be
written as the following4'9:

Space Station Dynamics (/<, = JJf for /

Attitude Kinematics (2-3-1 body-axis sequence):
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where (1,2,3) are the roll, pitch, and yaw control axes whose
origin is fixed at the mass center, with the roll axis in the flight
direction, the pitch axis perpendicular to the orbit plane, and
the yaw axis toward the Earth; (01,02,0s) are the roll, pitch, and
yaw Euler angles of the central (body) axes with respect to
LVLH axes that rotate with the orbital angular velocity n\
(0)^0)2,0)3) are the body-axis components of the absolute angu-
lar velocity of the station; (7n» ^22* ^33) are the moments of
inertia; Jfj = J//(/ &j) are the products of inertia; (/ii,/*2»^3)
are the body-axis components of the CMG momentum;
(ul9u2,u3) are the body-axis components of the control torque
caused by the CMG momentum change; (wi,W2,w3) are the
body-axis components of the external disturbance torque; and
n is the orbital rate of 0.0011 rad/s.

Fig. 1 Phase 1 Space Station Freedom.

a) Continuous system

where

c\ ^ - sin02 cos03

c2 ̂  cos0i sin02 sin03 + sin0! cos02

c3 ̂  - sin0i sin02 sin03 + cos0i cos02

(2a)

(2b)
b) Equivalent digital system

(2c) Fig. 2 Block diagrams of the systems.
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For small attitude deviations from LVLH orientation
with an assumption that n > lAo)/ l , / = 1,2,3 where Ao) =
[0)1,o)2+ «, ̂ 3] r> the linearized equations of motion can be
written as the following:

Space Station Dynamics (/// = /// for i

Since pitch motion is uncoupled from roll/yaw motion, pitch
control is treated separately from coupled roll/yaw control.

Expected aerodynamic disturbances w/ are modeled as a
bias plus cyclic terms in the body-fixed control axes:

= bias + An sm(nt + </>„) + A2n sin(2nt + (9)
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The cyclic component at orbital rate is due to the diurnal bulge
effect, whereas the cyclic torque at twice the orbital rate is
caused by the rotatory solar panels.

To avoid CMG momentum buildup, we introduce an inte-
gral of the CMG momentum vector h, i.e.,

=H or i = h (10)

Combining Eqs. (6-8) with Eq. (10), we obtain the state space
- - - - representation to be used lor the control design
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The products of inertia cause three-axis coupling as well as
a bias torque in each axis. Early flight configurations during
station assembly may have significant misalignment of the
control axes with the principal axes. In such cases, the previ-
ous linear, three-axis coupled equations of motion should be
used for control design.

In this paper, we are concerned with the phase I assembly
complete configuration. The small products of inertia permit
pitch motion to be uncoupled from roll/yaw motion. For this
case, the control axes are nearly aligned with the principal axes
(J\ ^J\\,J2± J22, and /3 ̂  /33). Eq. (5) becomes

n(J2 - /3)o)3

/20)2 + 3/Z2C/l

«/3<i>3 - n(J2 -

- /3)0i =

= - "2 +

(8a)

(8b)
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In the following sections, we will introduce an optimal re-
gional-pole placement technique and a digital redesign technique
for systems and observers in a general state space representation.

III. Optimal Regional-Pole Placement
Consider the linear controllable continuous-time system de-

scribed by

xc(t) = Axc(t) + Buc(t), *c(0) (13)

where xc(t) and uc(t) are an n x 1 state vector and an m x 1
input vector, respectively, and A and B are constant matrices
of appropriate dimensions. Let the quadratic cost function for
the system in Eq. (13) be

(14)J = lx?(t)QXc(t) + uJ(t)Ruc(t)} dt

where the weighting matrices Q and R are n x n non-negative
definite and m x m positive definite symmetric matrices, re-
spectively. The feedback control law that minimizes the per-
formance index in Eq. (14) is given by Ref. 8:

uc(t) = -Kcxc(t) + Ecr(t) = - Ecr(t) (15)
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where Kc is an m x n feedback gain, Ec is an m x m forward
gain, r(t) is an m x 1 reference input, and P, an n x n non-
negative definite symmetric matrix, is the solution of the Ric-
cati equation,

PBR~1BTP -PA- ATP-Q=On (16)

with (Q,A) detectable. The superscript T and the matrix On
denote the transpose and an n x n null matrix, respectively.
Thus, the resulting closed-loop system (Fig. 2a) becomes

xc(t) = (A- BKc)xc(t) + BEcr(t) (17)

The eigenvalues of (A - BKC), denoted by \(A - BKC), lie in
the open left-half plane of the complex s plane. Our objective
is to determine Q, R, and Kc so that the closed-loop system in
Eq. (17) has its eigenvalues on or within a specified vertical
region. The important results to achieve the desired design are
presented in the following.

Theorem 1. 5 Let (A ,B) be the pair of the given open-loop
system in Eq. (13) with the quadratic cost function in Eq. (14).
Also, let «i and 0:2 with a2>ai>0 represent the prescribed
degrees of relative stability. Then, the eigenvalues of the
closed-loop system (A - BKC) consist of the invariant eigen-
values of A lying to the left of the - ot\ vertical line and the
other eigenvalues of (A — BKC) lying within the vertical strip
{-«!,- 0*2} on tne negative real axis in the complex s plane,
where Kc = yR~ 1B TP with the matrix P being the solution of
the Riccati equation:

PBR~1BTP-P(A +«!/„;

and the constant gain 7 being

7 2 tr(BK)

(18a)

(18b)

where the matrix /„ is an n x n identity matrix, K = R ~ 1BTP,
and tr(-) designates the trace of ( • ) • If we choose ot2>
max{ lRe(X/) l ) , where X/(i = 1,2,...) are the imaginary and
pure left-half plane eigenvalues of A, then, all \(A - BKC) lie
inside the vertical strip { - oj2, - OL\ } .

Remark. Theorem 1 will be utilized in Sec. VIII for find-
ing a continuous-time optimal observer. The selection of ai in
Theorem 1 depends on the prescribed degree of relative stabil-
ity, whereas the choice of ot2 affects the convergence speed of
the estimated states to the exact states and the performance of
the designed overall system. For a large value of «2, the errors
of the exact and estimated states will decay quickly; however,
the bandwidth of the observer-based overall system will in-
crease. As a result, the overall system will be sensitive to
high-frequency disturbances that exist in the practical Space

Station. The suitable choices of «! and ot2 for the practical
Space Station will require several test-bed simulations.

IV. Digital Redesign by Matching of States
Let the continuous-time system be given by

xc(t) = Axc(t) + Buc(t), *c(0) (19a)

Also, let the associated state-feedback control law be

uc(t) = -Kcxc(t)+Ecr(t) (19b)

where the feedback gain Kc and the forward gain Ec have been
given or obtained via the LQR design method developed in
Ref. 4. The designed closed-loop system becomes

xc(t) = (A - BKc)xc(t) + BEcr(t)9 (20)

Let the state equation of the digital system that approximates
the continuous-time system in Eq. (19a) be represented by

xd(t)=Axd(t) + Bud(kT) (21a)

for kT < t < (k + \)T. With the digital control law

ud(kT) = -Kdxd(kT) + Edr(kT) (21b)

the designed discrete-time closed-loop system becomes

xd(t) = Axd(t) + B[- Kdxd(kT) + Edr(kT)} (22)

for kT < t < (k + l)T. A zero-order hold is utilized in Eq. (22).
The block diagram representations of the systems in Eqs. (20)
and (22) are shown in Figs. 2. Now, the digital redesign
problem reduces to finding the state-feedback gain Kd and the
forward gain Ed in Eq. (21b) from the state feedback gain Kc
and forward gain Ec in Eq. (19b) so that the states of the
digital model in Eq. (22) closely match the states of the contin-
uous-time system in Eq. (20) at the sampling instants, for a
given r(t).

Assuming r(t) « r(kT) over one sampling period, we have
the respective discrete-time models of Eqs. (20) and (22) as
follows:

xc(kT = Gxc(kT)
JMA: +

}kT
HEcr(kT)

and

xd(kT + T) = (G - HKd)xd(kT) + HEdr(kT)

(23)

(24)

xd(t)=Axd(t)+Bud(k)
y(t)=Cxd(t)
xd(0)=

Fig. 3 Block diagram of the redesigned digital observer.
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where
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'-4fJo
•.[G-In]A-lB

To match the states xc(kT) in Eq. (23) and xd(kT) in Eq. (24),
we need to approximate the continuous state xc(r) in Eq. (23)
by a piecewise-constant state. The block-pulse function,10 uti-
lized in this paper to approximate the continuous state XC(T), is
described in the following.

Let xCj(t) be the jth element of xc(t) and be approximated
by a set'of orthogonal functions 0/(f) as

(25a)

(25b)

where the block-pulse function is defined as

for iT<t<(i + \)T
otherwise

The weighting constant c/ can be determined by applying the
orthogonal property of the block-pulse functions to Eq. (25a).
It is given as

1
/T

xcj(t) dt (25c)
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Fig. 4 Pitch axis responses.

-— continuous-tune system
•—— redesigned discrete-time system

Fig. 5 Pitch control (112).

When the curve xCj(t) is a piece of a straight line in the interval
[iT, (i + 1)7], then we have

= V2[xCj(iT) + xCj(iT + T)] (25d)

which is the average value of xc.(t) over the interval
iT < t < (/ •+ \)T. Hence, the continuous-time state xc(t) can
be approximately represented by a piecewise constant state as

c(0 - ZJ J lXc(fT) + xc(iT + T)}<t>i (26)

Using Eq. (26), the integral part in Eq. (23) can be approxi-
mated by

(k+l)T
(

kT

(k +1)7

<
kT

1
X - [xc(iT) + xc(iT + dr

dr

/ fl
7\ c (2

r+r)] (27)

where

^nf — — I & D Q.T ^ (^ "~" IYI /•**• *^
v Ar7

Now, substituting Eq. (27) into Eq. (23) results in

xc(kT + T) = Gcxc(kT) + Hcr(kT)

where

Gc A (/„ + Y2HKc)-l(G -

(28a)

(28b)

(28c)
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Equating the state xc(kT) in Eq. (28a) to the digital state
xd(kT) in Eq. (24) yields

G - HKd = Gc — Hc (29)

To solve explicitly for the desired m x n (nonsquare) feedback
gain matrix Kd and m x m forward gain matrix Ed in Eq. (29),
we make use of the following matrix inversion formula7:

(A )-1 = A ~l - A~1B(C + DA ~1 l (30a)

Thus, the matrix (In + VtHKc)-1 in Eq. (28b) can be repre-
sented as

[/„ + H(2Im)- 1KC] - 1 = /„ - H(2Im + KCH)~1KC (30b)

Substituting Eq. (30b) into Eq. (28), we have

Gc = G - H[V2(Im + V2KcH)-lKc(In + G)] (3 la)

Hc = H [(Im + V2KCH)-1EC} (31b)

Combining Eqs. (31) and (29), we obtain the desired digital
state-feedback gain Kd and forward gain Ed as

Kd = -lKc(In + G) (32a)

(32b)

If the exact system matrix G and input matrix //in Eqs. (32)
are replaced by the bilinear transformation models (i.e., the
Tustin approximation models),2'11 G «[/„ - V2AT]~l[In + 1AAT]
and H « [/„ - VtAT\-lBT9 respectively, the resulting digital
redesign gains in Eqs. (32) reduce to

Kd = Kc[In - l/2(A - BKc)T]~l (33a)
£r _ t j _ j / jfr- D'TTYE' ^^'JlA^

Moreover, to compare the digital redesign gains obtained
earlier with those obtained in Ref. 1, we represent the matrices
(Im + 1/2KCH)~1 and G( = eAT) in Eqs. (32) by a respective
infinite series as

G=eAT = In +AT+ fj —AAT)J
J-2JI

When the sampling period T is sufficiently small and
\\KCH\\<2, we can approximate the respective infinite series

1.5
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Fig. 6 Roll/yaw axes responses.
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by taking the first two terms and substituting them into
Eqs. (32) and obtain

Kd « V2 [Im ~ 1/2KCH]KC [2In + AT]

= KC + l/2Kc(A - BKC)T - V4KCBKCAT2

Kc + l/2Kc(A -

Ed - 1/2KCBT]EC

(33c)

(33d)

The approximate gains Kd in Eq. (33c) and Ed in Eq. (33d) are
those obtained in Ref. 1.

Remark. A bilinear and inverse bilinear transform method
has been utilized in Ref. 7 to derive the same results in
Eqs. (32). Also, the comparisons between the xd(t) in Eqs. (21)
and the xc(t) in Eqs. (19) for the gains in Eqs. (32a) and (32b)
and those in Eqs. (33c) and (33d) have been made in Ref. 7. It
has been found that the state xd(t) closely matches the state
xc(t) provided that the sampling period Tis properly chosen.

Table 1 Space Station parameters

Inertial properties, slug-ft2

Ju
J22

Jl2

J23

50.28E6
10.80£6
58.51E6

- 0.39E6
0.16E6
0.16E6

Aerodynamic torque, ft-lb
wi 1 -h sin(flO + 0.5 sin(2nt)
W2 4 + 2 sm(nt) + 0.5 sin(2/iO
w3 1 + sin(«0 + 0.5 sin(2/iO

Equation (40a) is a dual system of the closed-loop system in
Eq. (35b) with r(t) = 0, i.e.,

xc(t) = (A -BKc)xc(t) (41)

The digital redesigned system for the system in Eq. (41) has
been shown in Eq. (24) with r(k) = 0, i.e.,

(42)

where

V. New Pseudodigital Observer
Consider the continuous system given in Eq. (19a) with an

output function y(t) € (Rpxl , i.e.,

y(t) = Cxc(t)

(34a)

(34b)

The state-feedback control law for the system in Eqs. (34) is
given in Eqs. (19), i.e.,

uc(t)=-Kcxc(t) + Ecr(t)

The closed-loop system becomes

xc(t) = (A- BKc)xc(t) + BEcr(t)

(35a)

(35b)

When the state xc(t) is not available, the xc(t) can be estimated
by using the following continuous-time observer2:

x0(t) = (A- K0C)x0(t) + Buc(t) + K0y(t) (36)

where K0 € (R"xp is the observer matrix and x0(t) is the
estimate of xc(t). Hence, the control law in Eq. (35a) can be
written as

Mc(0= -Kcx0 (t) + Ecr(t) (37)

In this paper, it is desirable to find the matrices d0,H0, and
L0 for a new pseudodigital observer

*„(*) = &0x0(k - 1) + Hju()c - 1) + L.[y(k - 1) + y(k)]
(38)

such that

«i,(*)-*o(0l».w-«ir(0l».«- (39)

Note that for simplicity in notation, the sampling instant T in
the discrete-time state equation [Eq. (38)] is dropped. Sub-
tracting Eq. (36) from Eq. (34a) yields

e0(t) = (A- K0C)e0(t)

where the observer reconstruction error e0(t) is

(40a)

H= eA7Bdr=[G-In]A-lB

Kd = V2(Im )- lKc(In + G)

Hence, following the dual result of Eqs. (41) and (42), we
can write the digital redesigned system for the system in
Eq. (40a) as

25

(43)

15 -

15 -
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T=100 sec

1000 1500
Time (sec)

T=100 sec

Control u3

500 1000 1500
Time (sec)

continuous-time system
redesigned discrete-time system

2000

2000

(40b) Fig. 7 Roll/yaw controls (u\ and 1/3)*
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where

G =— 0AT

= eArK0 dr = [G - In]A~lK0
Jo

= Vi(Ip + l/2CM)-lC(In + G)

Define L0 = ViM(Jp +
sented as

1. Equation (43) can be repre-

xd(k + 1) - x0(k + 1) = [G - L0C(In + G)}{xd(k) - x0(k)]
(44)

Substituting the following identities into Eq. (44):

(45a)

(45b)

CGxd(k) = Cxd(k + 1) - CHud(k) = j>(A: + 1) - CHud(k)
(45c)

o-

-10

T=100 sec

Pitch vs.
estimated pitch

1000 isoo
Time (sec)

2000

-o.ooo

-0.004

-0.008

-0.012

9000

Pitch rate vs.
estimated pitch rate

soo 1000
Time (sec)

isoo 2000

6000-

3000

T=100sec

Pitch momentum vs.
estimated pitch momentum
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Fig. 8 Pitch observer responses.

2000

we obtain a new pseudodigital observer as

x0(k) = G0x0(k - 1) + H0ud(k - 1) + L0[y(k - 1) + y(k)}
(46)

where

L0 = Y2[G - In]A -1K0[IP + '/2C(G - In)A ~1K0]-1

G0 = G-L0C(In+G)

H0 = (In-L0C)H

Also, the pseudo-state-feedback control law becomes

ud(k) = -Kdx0(k) + Edr(k) (47)

Based on the digital redesign concept in Sec. IV, we observe
that the state xc(t) in Eq. (41) at t = kT closely matches the
state xd(k) in Eq. (42). As a dual result, the state e0(t) in
Eq. (40a) at t = kT would closely match the state e0(k) in
Eq. (43), i.e.,

Since xc(t)\t = kT »xd(k) and e0(t)\t = kT »e0(k)9 we have
x0(t)\t = kT **x0(k). Also, based on the observer design con-
cept,2 we observe that the state xc(t) in Eq. (35b) with r(t) = 0
closely matches the estimated state x0(t) in Eq. (36), i.e.,
xc(t)»x0(t). As a result, the states of the continuous-time
observer in Eq. (36) at t = kT closely match those of the
pseudodigital observer in Eq. (38), i.e.,

The block diagram of the digital redesigned system using the
pseudodigital observer in Eq. (46) is shown in Fig. 3.

VI. Digital Control of the Pitch Axis
The pitch axis controller consists of a single input u2 and

four states 02, w2, h2, and j/*2. The continuous-time pitch
control law is given by

u2 = -KA2B2 -

= -Kcxc(t)

- KH2h2 - Kl2\H2 + Ecr2(t)

(48a)

where Kc = [KA2 KR2 KH2 Kj2] and Ec-\. Inertial properties
of the Phase 1 Space Station are shown in Table I.9

The continuous-time control law gains were computed using
the regional-pole assignment method in Ref . 4 with Ec = I\
and are given as follows:

Kc = [ - 2.2022E2 - 1.3193£5

- 5.5112E - 3 - 2.0074E - 6] (48b)

(48c)

The eigenvalues of the designed closed-loop pitch control sys-
tem are (-0.002771, -0.001666, -0.001121, -0.001081),
which lie within the common region of an open sector,
bounded by lines inclined at ± 45 deg from the negative real
axis, and the left side of a line at - 0.5« (where n = 0.0011
rad/s) on the real axis parallel to the imaginary axis in the
complex 5 plane.

The digital redesigned closed-loop system will be of the
form shown in Eq. (24) with the digital state feedback gain
Kd and forward gain Ed to be determined. Note that the
highest critical frequency of the aerodynamic torque is 2n,
where n is the orbital rate of 0.0011 rad/s. Therefore, a
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reasonable rule of thumb3 is to choose the sampling period as
r=hr/15(2w)]«100s.

For a sampling period of T = 100 s, the G and H matrices
can be computed. With G, H, and Kc as in Eq. (48b), the gains
Kd and Ed can be evaluated from Eqs. (32) and are given as
follows:

Kd = [ - 1.1397E2 - 1.0422£5

-4.11175-3 -1.4537E-6]

Ed = [7.2419£ - 1]

(48d)

(48e)

The eigenvalues of the digital redesigned closed-loop pitch
control system are (0.7605, 0.8466, 0.8860, 0.9031).

The closed-loop response of the pitch system to the aero-
dynamic disturbance given in Table 1 is shown in Fig. 4.
Initial conditions are 02(0) =1.0 deg, o>2(0) = 0.001 deg/s, and
/z2(0) = 0.0 ft-lb-s. Simulation results from Ref. 4 for the
continuous-time case are included for comparison. Also, the
comparison of the continuous-time controller uc(t) and digital
controller ud(t) is shown in Fig. 5.

VII. Digital Control of the Roll/Yaw Axes
The roll/yaw controller consists of two inputs u\ and u3,

and eight states including
Roll axis:

Yaw axis:

03

The control law is given by:

u\ = —KAlBi - KR]u\ — K

- KH3h3 - Kl3 \ ^ ecuri(t) + eci2r3(t) (49a)

3 i> if fa if f fa if /j

- KH3h3 - Kj3 j/*3 + ec2iri(t) + ec22r3(t) (49b)

Let

V4, KR~ KH

•p1 _

The eigenvalues of the designed digital system are
(0.7980 ±y0.06725, 0.8890 ±y0.09742, 0.8883 ±y0.06916,
0.8953 ±./0.0002947).

The closed-loop response of the roll/yaw system to the
aerodynamic disturbance given in Table 1 is shown in Fig. 6.
Initial conditions are 0i(0) = 03(0) = 1.0 deg, coi(O) = co3(0) =
0.001 deg/s, and /^(O) = h3(G) = 0.0 ft-lb-s. It can be seen that
the discrete-time states closely match the continuous-time
states. The comparison of the continuous-time controller and
digital controller is shown in Fig. 7. Note that to show clearly
the behavior of transient response between the existing contin-
uous-time controlled system and the proposed discrete-time
controlled system, the attitude and momentum time histories
of about two orbits are shown in this paper. As the time
histories are increased, the responses of the discrete-time con-
trolled system closely match those of the continuous-time
controlled system, which is stable.

VIII. Space Station Estimation
A full-order continuous-time observer was constructed for

the Space Station in Eqs. (34) using the dual state space
equation:

(50)

The optimal pole assignment method in Theorem 1 was used
to assign the eigenvalues of the observer system (A - K0C) in
the desired vertical strip. Based on the consideration of con-
vergence speed of the estimated states to the exact states, we
select the a\ and a2 in Theorem 1 for the pitch axis as
oil = 0.005 and <*2 = 0.02, respectively. The state space equa-
tions of the continuous-time observer are given by

x0(t) = (A- K0C)x0(t) + Buc(t) + K0y(t)

= A0x0(t) + Buc

uc(t)=-Kcx0(t) + Ec

(51a)

(51b)

whereA0 -A -K0C.
For the pitch system, the gain K0 in Eq. (51a) is obtained as

'1.755-2 0.0
8.75E - 5 0.0

0.0 8.755 - 5
0.0 1.15E-2

where the output matrix C in Eq. (5la) is assumed as

C
The gains in Kc were computed in Ref. 4 with Ec = 72 and are
given as follows:

- 9.576452 - 6.139055 - 5.50965 - 3 2.2936£ -
- 3.252452 - 1.406355 - 1.72735 - 3 -2.6038£

f l 0 0 0]
|_o o o ij

6 -1.4405E2 2.059355
• 6 -4.0321E2 -4.935855

4.58585-3 2.5905 - <
-3.90675-3 8.0945-'

The eigenvalues of the designed closed-loop roll/yaw control system are (- 0.002256 ±j0.0007756, -0.001100 ±y0.001100,
-0.001155 ±y0.0007770, -0.001100, -0.001099), which lie within the same region as that of the pitch.

As before, we compute the matrices G and H with Kc as in Eqs. (49) and T = 100 s. The gains Kd and Ed are computed in Eqs.
(32) and are given as follows:

-7.531852 -4.803055 -4.00065-3 1.7820E-6 - 1.2650E2 1.409555 3.37335-3 1.83545-61
-2.279452 -8.908554 -1.13775-3 -2.1662E-6 - 3.3204^2 -4.2458E5 -3.32095-3 5.67735-7J

li23385-1 -4.71965-
19825 - 2 8.0376£l -
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The eigenvalues of the designed continuous-time observer for the pitch axis are (-0.00875 ±j0.002855, -0.00875 ±y'0.003307). All
designed eigenvalues lie within the specified vertical strip in the s plane.

The redesigned digital observer gains in Eq. (46) are computed as

5.2343J?-! 0.0
2.1529£-3 0.0

0.0 2.0896£-3
0.0 5.2239£-l

-4.0205E-2 4.7879^1 0.0 0.0
-4.0560E-3 1.9161E-1 0.0 0.0

0.0 0.0 7.9104£-1 -4.179LE-3
0.0 0.0 4.7761E1 -4.4776^-2

-2.2115E-4
-8.3033£-6

8.9552£1
2.388LE3

0.80-

-0.80
500 1000 1500

Time (sec)
2000
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500 1000 1500
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2000
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Fig. 9 Roll/yaw observer responses.
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The eigenvalues of the redesigned digital observer for the pitch axis are (0.3787 dby'0.1367, 0.3731 ±y0.1580).
For the roll/yaw system, the c^ and «2 are chosen as «i = 0.04 and «2 = 0.09, respectively. The observer gain in Eq. (51a) is

obtained as
"9.
4.

1.
3.

25Q6E
6257£

0.0
0.0

4090£
0700£

0.0
0.0

-2
-3

-4
_ £

0.0
0.0

4.6250£-3
9.2500JE-2

0.0
0.0

-5.0875£-5
1.2898£-18

1
1

9
4

.4090£-4
A5S3E

0.0
0.0

.2494£

.6243£
0.0
0.0

-5

-2
-3

0.0
0.0

5.0875£-
9.410LE-

0.0
0.0

4.6250£-
9.2500E -

5
19

3
2

where the output matrix C in Eq. (5la) is assumed as

C =

1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 . O O Q
0 0 0 0 0 0 0 1

The selection of the output matrix C in this paper is completely arbitrary. In other words, we assume arbitrarily that the states of
the attitude rate are not available for direct measurement due to sensor failure and the states of the CMG momentum are not
computable. The eigenvalues of the designed continuous-time observer for the roll/yaw axes are (- 0.04625 ±y'Q.05084, - 0.04625
±y'0.04884, -0.04625 ±y0.05041, -0.04625 ±y0.04931). All designed eigenvalues lie within the specified vertical strip in the s
plane.

The redesigned digital observer gains in Eq. (46) are computed as

~ 9A212E-1
1.3536E-2

0.0
0.0

-2.9783£-3
2.7786E-4

0.0
0.0

"-8.8317E-1
-2.6893^-2

0.0
0.0

-4.5358£-4
9.1913£-4

0.0
0.0

0.0
0.0

1.3447£-2
9A1S2E-1

0.0
0.0

-4.5650^-4
-1. 8660^-3

5.8293
-3.4295£-l

0.0
0.0

-2.3777£-l
2. 1697^-2

0.0
0.0

3.775LE-3
-1.3864J5--4

0.0
0.0

9.4186E-1
1.3450£'-2

0.0
0.0

0.0
0.0

-3.4549E-1
5.8163

0.0
O.Q

9.6619^-3
-1. 3343£-l

o.o
0.0

4.5650E-4
1.8660^-3

0.0
0.0

1.3447JE--2
9.4182£--1_

0.0
0.0

-2.6893£-2
-8.8365E-1

0.0
0.0

9.1300£-4
3.7320E-3

-1.1364E-3 2.4604JE1-! 0.0 0.0
-1.199LE-3 -2.5956^-2 0.0 0.0

0.0 0.0 -9.6619E-3 -9.1300£'-4
0.0 0.0 1.3343J51-! -3.7320^-3

-8.8375J5--1 5.8152 0.0 0.0
-2.6849E-2 -3.4484E-1 0.0 0.0

0.0 0.0 -3.4549£'-l -2.6893E-2
0.0 0.0 5.8163 -8.8365^-1

-5.7823£-6 -3.2149^-8
-6.5012E-7 -1.8807^-8

3.2716£1 7.5052£--1
2.9093£-2

5.8789^-8
1.9385^-8

-7.5052£-1
-1.3387

1.3387
-4.9683J5--6
-5.5827^-7

3.2716E1
2.9093^2

The eigenvalues of the redesigned digital observer are (-0.5811 ±j0.3029, -0.6463 ±y0.2789, -0.5965 ±y0.2969, -0.6326
±.70.2835).
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IX. Discussion of Simulation Results
As an illustration, the pitch axis response of the digital

observer to the aerodynamic disturbance given in Table 1 is
shown in Figs. 8. The sampling time T remains 100 s. Initial
conditions for the Station are 02(0) = 1.0 deg, o>2(0) = 0.001
deg/s, and H2 = 0.0 ft-lb-s. Initial conditions for the observer
are set at 02(0) = 1.0 deg, o>2(0) = 0.0 deg/s, and h2 = 1000.0
ft-lb-s, which are different from those of the system.

The digital observer appears to converge very rapidly in the
pitch axis. Figure 8 indicates that o>2(A:) and h2(k) converge to
steady-state values [i.e., o>2(0 and h2(t)] within a few steps. On
the other hand, the roll/yaw observer converges at a relatively
slower rate. The responses are shown in Fig. 9. Simulation
results show that the estimated attitudes and body rates re-
quire approximately one orbit to reach steady state. When the
sampling period Tis selected to be much smaller than 100 s
(say, 1 s), the estimated state error will decay quickly at the
expense of heavy load on the microprocessors.

X. Conclusions
This paper has presented a digital redesign technique based

on matching all of the states of continuous and discrete sys-
tems for finding the pseudocontinuous-time regulator with
appropriate pole assignment. We have used this technique to
obtain a digital momentum management controller for the
phase 1 Space Station. In addition, we showed how to redesign
a state estimator, again using the Space Station as an example.
The states of the planned Space Station are either measurable
through sensors or computable via numerical integration tech-
niques. When some states are not accessible for measurement
due to sensor failure, the existing state-feedback controller4'9
can not be implemented. However, the proposed observer-
based digital controller can still be implemented for the opti-
mal control of the Space Station. Hence, use of the proposed
approach can greatly enhance the reliability of Space Station
control. Simulation results have been presented to demon-
strate the effectiveness of the proposed technique. Note that
achieving the dual goal of continuous-time attitude control
and momentum unloading with a multivariable digital con-
troller presented in this paper involves the concept of a torque
equilibrium attitude; therefore, relatively large attitude angle

fluctuations and biases are to be expected for the real Space
Station, operating in real environments.
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